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a b s t r a c t

We study the valorization of cryptocurrency in an overlapping generations model where agents
have the choice between crypto- and central bank currency. We pay attention to three features of
cryptocurrency: it is a risky asset (because of frauds and hacks), which one acquires by bearing
transaction costs, and its supply reaches its upper limit in a finite time (e.g., Bitcoin). We consider
both the standard case with linear–quadratic utility functions and the more general case where utility
functions are not specified. We find that the effect of an increase in cryptocurrency on the currency
prices depends on the transaction costs that individuals bear to get cryptocurrency. In particular, when
these costs are convex non-increasing in the quantity of cryptocurrency, the cryptocurrency price may
increase with this quantity. Otherwise, when the transaction costs are either increasing or concave
non-increasing, the cryptocurrency price decreases with the quantity of cryptocurrency. We also show
that the cryptocurrency and the central bank currency prices always move in opposite directions.

© 2022 Elsevier B.V. All rights reserved.
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1. Introduction

We study the valorization of a cryptocurrency in an overlap-
ing generations model where agents have the choice between
ryptocurrency and central bank currency. We pay attention to
hree features of cryptocurrency: it is a risky asset (because of
rauds and hacks), which one acquires by bearing transaction
osts, and its supply reaches its upper limit in a finite time
e.g., Bitcoin). We consider both the standard case with linear–
uadratic utility functions and the more general case where util-
ty functions are not specified. In both cases, the only source
f uncertainty in the model is the hack risk. This source of
ncertainty, however, is compatible with deterministic currency
rices. Concentrating on these prices, we find that the effect of
n increase in cryptocurrency on the currency prices depends
n the transaction costs that individuals bear to get cryptocur-
ency. In particular, when these costs are convex non-increasing
n the quantity of cryptocurrency, the cryptocurrency price may
ncrease with this quantity. Otherwise, when the transaction costs
re either increasing or concave non-increasing, the cryptocur-
ency price decreases with its supply. We also show that the
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Finance’’ under the aegis of the Risk Foundation, a joint initiative by Groupe-
ment des Cartes Bancaires CB, La Banque Postale, Telecom Paris and Paris II
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cryptocurrency and the central bank currency prices always move
in opposite directions.

This paper contributes to a burgeoning literature devoted to
the economics of cryptocurrency. Biais et al. (2018) present an
overlapping generations equilibrium model of cryptocurrency
pricing and confront it to data on bitcoin transactional benefits
and costs. Their model emphasizes that the fundamental value of
the cryptocurrency is the stream of net transactional benefits it
will provide, which depend on its future prices. The link between
future and present prices implies that returns can exhibit large
volatility unrelated to fundamentals. Consistent with the model,
estimated transactional net benefits explain a statistically signif-
icant fraction of bitcoin returns.2 Also in an OLG setting, Garratt
and Wallace (2018) study the indeterminacy of the equilibrium
exchange rates between two currencies by introducing storage
costs for the central bank currency and a risk of currency crash
for the cryptocurrency. Their conclusion is that little can be
said about the relative value of several cryptocurrencies. Yet
another OLG model is studied in Saleh (2018). He contrasts
Proof-of-work blockchains with Proof-of-burn ones.3 Saleh shows
that Proof-of-burn blockchains result in less price volatility than
Proof-of-work’s.

Schilling and Uhlig (2019) also obtain an indeterminacy result
albeit in a model with two types of agents who have infinite

2 See Hu et al. (2019) for a presentation of stylized facts on the asset pricing
roperties of cryptocurrencies. See also Makarov and Schoar (2020) for a study
f trading and arbitrage on cryptocurrency markets.
3 In a Proof-of-work blockchain, real resources are needed to update the

edger. By contrast, in a Proof-of-burn blockchain, one only burns a certain
uantity of cryptocurrency. By doing so, one receives new cryptocurrency units.
der the CC BY NC user license
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Table 1
Macroeconomics of cryptocurrency.
Authors Type/Model Nb of agents Specific features

Biais et al. (2018) OLG 3 Theory/empirical
Fernández-Villaverde and Sanches (2019) Search 3 Multiple cryptocurrencies
Garratt and Wallace (2018) OLG 1 Risk of currency crash
Schilling and Uhlig (2019) Infinite horizon 2 Random endowments
Chiu and Koeppl (2017) Infinite horizon 3 History of transactions
Saleh (2018) OLG 1/2 Proof-of-burn blockchain
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decision-horizon (they also obtain conditions under which there
is no speculation in the cryptocurrencies).4 In a search setting,
ernández-Villaverde and Sanches (2019) extend the model by
agos and Wright (2005) to multiple currencies and study the
tability and welfare implications of the private supply of money
longside a government-backed currency.5 Fernandez-Villaverde
nd Sanches show that the existence of an upper bound on the
vailable supply of each brand makes privately issued money in
he form of cryptocurrencies consistent with price stability in a
ompetitive environment. Table 1 compares the main approaches
sed in the literature.
This paper builds on Biais et al. (2018) but differs from it by

tudying the effects of a change in the quantity of cryptocur-
ency on the equilibrium currency prices and by assuming that
ryptocurrency reaches its upper-limit in finite time. We also
dvance the study of the effect of a hack risk on the currency
rices.6 While the magnitude of the hacking risk may be thought
f as second order relatively to the large current volatility of
ryptocurrency prices, we believe that this risk is likely to be a
ajor concern in the event that cryptocurrencies are used on a

arge scale.
The remaining part of the paper unfolds as follows. Section 2

ays out our version of an OLG model with cryptocurrency and
risk of hacking. Section 3 is devoted to the study of the equi-

ibrium. More precisely, because the policy setting is stable (the
urrency growth rates are constant) we believe that it is relevant
o study equilibria where price expectations are stable too. This
s why we first concentrate on the steady-state equilibrium that
ccurs when the cryptocurrency supply reaches its upper-limit.
e illustrate this equilibrium with an example in Section 4. Sec-

ion 5 briefly studies the interim dynamics between the date at
hich the cryptocurrency is introduced and the date at which its
upply reaches its upper-limit. The interim prices are obtained by
backward induction argument from the steady state prices and
he changes in the supplies of crypto- and central bank currency.
ection 6 briefly concludes the paper.

. The model

Following Biais et al. (2018), we consider an overlapping gen-
rations economy with two assets, namely cryptocurrency and
entral bank currency. Let Xt and mt denote the supply of cryp-
ocurrency and the supply of central bank currency at date t ,
espectively. We let µ be the constant growth rate of central bank
urrency.
There are three kinds of agents: the investors, the miners

who produce new coins of cryptocurrency), and the hackers. The

4 In their model the real value of the central bank currency is held constant.
5 Chiu and Koeppl (2017) use a similar search model to study the optimal
esign of a cryptocurrency protocol.
6 Biais et al. (ibid) consider thefts but not major attack on the system. Budish

2018) addresses the risk of a major attack on a cryptocurrency while Athey
t al. (2016) take into account the probability that the cryptocurrency has a
efect (all ongoing transactions being lost). Chiu and Koeppl (2017) carefully
ddress the problem that a blockchain must solve, namely keeping an exact
istory of transactions. Here, we focus on the hack risk.
 p

14
last two categories of agents only live one period, whereas the
investors live two periods.

More specifically, at each date t , from date 0 until date T , a
new generation of miners is born. They exchange new cryptocur-
rency coins Xt+1 − Xt (and transaction fees) against a real good
which they consume at date t . As they live for only one period,
they do not save. For simplicity, we assume that the miners’
activity can be described by a function ρ : Xt+1 − Xt = ρ(Xt ),
where ρ : R+ → R+ is such that XT = X , X0 being given.
Those assumptions mean that the cryptocurrency stock reaches
its maximum in finite time (akin to the Bitcoin).7

A new generation of hackers is also born at each date t . They
steal a fraction of the cryptocurrency supply Xt . The fraction
of Xt which is stolen at date t is a random variable h̃t , whose
ealizations ht are in [0, 1].8 The random variables h̃t are i.i.d
cross time. Hackers sell the stolen coins against consumption
oods. Like the miners they do not save.
In addition to the miners and the hackers, a unit mass of

dentical investors is born at any date t . Investors live two periods
nd their intertemporal utility function is written U(cyt )+V (cot+1),
here U : R+ → R+ is the utility obtained from consumption
y
t during youth and V : R+ → R+ the utility obtained from
onsumption cot+1 during old age. The utility function U satisfies
′
≥ 0 and U ′′

≤ 0 (the same properties hold for V (.)). We let ey

enote the investors’ endowment of consumption good in youth,
nd eo their endowment of consumption good in old age.9 Both
ndowments ey and eo are positive.
By selling a share of their endowment during youth, investors

an buy qt units of cryptocurrency at a unit price equal to pt , as
ell as q̂t units of central bank currency at a unit price equal
o p̂t . The consumption good is the numéraire. When buying
ryptocurrency, investors bear a real unit cost equal to ptφ(Xt ).
his cost depends on the quantity of cryptocurrency Xt and can
e either decreasing or increasing, depending on the existence of
conomies of scales. We suppose that φ(0) = 0.
The budget constraints of the investors in both youth and old

ge read10

cyt = ey − ptqt − p̂t q̂t − φ(Xt )ptqt , (1)
o
t+1 = eo + (1 − ht+1)pt+1qt + p̂t+1qt . (2)

he increase in central bank currency finances government ex-
enditures Ĝt . That is, (mt − mt−1)p̂t = Ĝt for all t . For the sake
f simplicity, those expenditures do not enter the individuals’
bjective functions.

7 For the Bitcoin, T ∼ 2022 and X̄ = 21 millions bitcoins.
8 The hack risk ht is the only source of uncertainty in the model.
9 Assuming that individuals’ endowments are stationary considerably

implifies the study of the equilibrium.
10 Notice that from the point of view of date t , cot+1 is a random variable
ecause of the hack risk. It will turn out, however, that the equilibrium prices

and p̂ are perfectly expected (see the proof of Proposition 6).
t+1 t+1



B. Crettez and L. Morhaim Mathematical Social Sciences 117 (2022) 13–19

3

3

a
e
f

P

i

f

a

−

a

−

A
b

U

U

N

. Equilibrium

.1. General considerations

Let us study the problem solved by the young investor living
t date t . Assume that all the prices of date t + 1 are perfectly
xpected at date t . The young investor’s problem is written as
ollows

(eyt , e
o
t+1, pt , pt+1, h̃t+1)

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
max

(qt ,q̂t )∈R2
+

U(cyt ) + E
[
V
(
cot+1(h̃t+1)

)]
.

s.t. cyt = ey − ptqt − p̂t q̂t − φ(Xt )ptqt ≥ 0,
cot+1(h̃t+1)
= eo + (1 − h̃t+1)pt+1qt + p̂t+1q̂t ≥ 0.

The assumption that (qt , q̂t ) ∈ R2
+

means that young investors
cannot go short in the cryptocurrency and money. This assump-
tion is innocuous as in equilibrium only young investors hold
these assets. To put it another way, a young investor cannot
borrow because either her lender will no longer be alive in the
next period or this lender is a young investor too, and is thus
identical to her.

Now, assuming that pt and pt+1 are positive and since h̃t+1 is a
random variable taking its values in [0, 1], the second inequality
s always satisfied as long as (qt , q̂t ) ∈ R2

+
and therefore the young

investor’s problem reduces to⎧⎪⎪⎨⎪⎪⎩
max

(qt ,q̂t )∈R2
+

U
(
ey − ptqt − p̂t q̂t − φ(Xt )ptqt

)
+E

[
V
(
eo +

(
1 − h̃t+1

)
pt+1qt + p̂t+1q̂t

)]
.

s.t. ey − ptqt − p̂t q̂t − φ(Xt )ptqt ≥ 0.

Proposition 1. Assume that pt and p̂t are positive. Then the young
investor’s program has a unique solution.

Proof. The proof is standard. Existence comes from the fact that
the objective function is continuous on the set E = {(qt , q̂t ) ∈

R2
+
, ptqt + p̂t q̂t + φ(Xt )ptqt ≤ ey} and that E is a compact set (as

it is a closed set included in [0, ey
pt

] × [0, ey
p̂t

]). Uniqueness comes
rom the objective function being strictly concave. □

The first-order conditions for an interior solution are written
s follows (for qt and q̂t , respectively)

U ′

(
ey − ptqt − p̂t q̂t − φ(Xt )ptqt

)(
1 + φ(Xt )

)
pt

+E
[
V ′

(
eo + (1 − h̃t+1)pt+1qt + p̂t+1q̂t

)
× (1 − h̃t+1)pt+1

]
= 0. (3)

−U ′
(
ey − ptqt − p̂t q̂t − φ(Xt )ptqt

)
p̂t

+E
[
V ′

(
eo + (1 − h̃t+1)pt+1qt + p̂t+1q̂t

)
p̂t+1

]
= 0. (4)

Let us now consider the general equilibrium at date t . Since all
investors are identical, the market clearing conditions read

Xt = Xt − Xt−1 + htXt−1 + Xt−1 − htXt−1 = qt (5)

mt = (1 + µ)mt−1 = mt−1 + mt − mt−1 = q̂t (6)
ey + eo = cot + cyt + pt [(Xt − Xt−1) + Xtφ(Xt ) + htXt−1]

+ p̂tGt . (7)
15
The first equation above describes the equilibrium on the market
for cryptocurrency (the left-hand side represents the supply of
cryptocurrency, and the right-hand side its demand). The second
equation describes the equilibrium on the market for central bank
currency (with the same pattern as for cryptocurrency). And the
last equation describes the equilibrium on the market for the
consumption good. By Walras law, when the first two markets
are in equilibrium so is the third one.

Let us now focus on the equilibrium prices. Since the aggregate
quantity of both currencies are strictly positive at each date,
using the first-order conditions (3) and (4) we can express the
equilibrium conditions at date t as

−U ′

(
ey − ptXt − p̂tmt − φ(Xt )ptXt

)(
1 + φ(Xt )

)
pt

+E
[
V ′

(
eo + (1 − h̃t+1)pt+1Xt + p̂t+1mt

)
× (1 − h̃t+1)pt+1

]
= 0 (8)

and

−U ′

(
ey − ptXt − p̂tmt − φ(Xt )ptXt

)
p̂t

+E
[
V ′

(
eo + (1 − h̃t+1)pt+1Xt + p̂t+1mt

)
p̂t+1

]
= 0. (9)

Let ẑt denote the real value of central bank currency, i.e., ẑt = p̂t ×
mt . Since mt+1 = (1 + µ)mt , i.e., p̂t+1mt = p̂t+1

mt+1
1+µ

=
1

1+µ
ẑt+1,

the previous equations can be written as

−U ′

(
ey − ptXt − ẑt − φ(Xt )ptXt

)(
1 + φ(Xt )

)
pt

+E
[
V ′

(
eo + (1 − h̃t+1)pt+1Xt +

ẑt+1

1 + µ

)
× (1 − h̃t+1)pt+1

]
= 0 (10)

nd

U ′

(
ey − ptXt − ẑt − φ(Xt )ptXt

)
p̂t

+E
[
V ′

(
eo + (1 − h̃t+1)pt+1Xt +

ẑt+1

1 + µ

)
p̂t+1

]
= 0. (11)

s mt is positive for any date t , the two foregoing equations can
e rewritten as11

′

(
ey − ptXt − ẑt − φ(Xt )ptXt

)(
1 + φ(Xt )

)
pt

= pt+1E
[
V ′

(
eo +

(
1 − h̃t+1

)
pt+1Xt +

ẑt+1

1 + µ

)(
1 − h̃t+1

)]
,

(12)
′

(
ey − ptXt − ẑt − φ(Xt )ptXt

)
p̂tmt

= βp̂t+1mtE
[
V ′

(
eo + (1 − h̃t+1)pt+1Xt +

ẑt+1

1 + µ

)]
. (13)

ow, using again the equations zt = p̂tmt , mt+1 = (1 + µ)mt ,
p̂t+1mt = p̂t+1

mt+1
1+µ

=
1

1+µ
ẑt+1, we obtain the following two

equilibrium conditions

U ′

(
ey − ptXt − ẑt − φ(Xt )ptXt

)(
1 + φ(Xt )

)
pt

= pt+1E
[
V ′

(
eo + (1 − h̃t+1)pt+1Xt +

ẑt+1

1 + µ

)(
1 − h̃t+1

)]
,

(14)

11 Recall that all the future prices at t + 1 are perfectly expected.
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(
ey − ptXt − ẑt − φ(Xt )ptXt

)
ẑt

=
ẑt+1

1 + µ
E
[
V ′

(
eo + (1 − h̃t+1)pt+1Xt +

ẑt+1

1 + µ

)]
. (15)

o contrast the equilibrium conditions above with those consid-
red in Garratt and Wallace (2018) suppose that cryptocurrency
nd central bank currency are equal to X andm, respectively (thus
= 0). In addition, assume that φ(X) = 0 and h̃t+1 ≡ 0. Then,

ne can see that the last two equilibrium conditions boil down
o

U ′
(
ey − ptX − p̂tm

)
pt = pt+1E

[
V ′

(
eo + pt+1X + p̂t+1m

)]
,

(16)
U ′
(
ey − ptX − p̂tm

)
p̂tm = = p̂t+1mE

×

[
V ′

(
eo + pt+1X + p̂t+1m

)]
. (17)

Further assume that pt = pt+1 and p̂t = p̂t+1. Then the two
conditions above reduce to the ensuing one

U ′
(
ey − ptX − p̂tm

)
= E

[
V ′

(
eo + ptX + p̂tm

)]
. (18)

Inspecting the preceding equation, one sees that only the value of
ptX + p̂tm can be determined. As shown by Garratt and Wallace
(2018), there is indeterminacy with regard to the specific values
of p and p̂. That is because, the two assets are perfect substitutes.
Yet, as we shall see, because we assume transaction costs for
holding cryptocurrency, theft risks and different currency growth
rates, both currency prices are well determinate in our setting.

3.2. Steady-state

Let us consider the date T at which the stock of cryptocur-
rency (Xt )t≥T remains constant, that is: Xt = X̄ for all t greater
than or equal to T . While there might be equilibria where the
cryptocurrency price fluctuates because of, say, sunspots and so
on, we believe that where the different currency stocks evolve
in a simple, predictive way, e.g., their growth rates are constant
through times, the stability of the policy and institutional settings
should stabilize price expectations. Therefore, we focus on the
study of stationary equilibrium prices.

More formally, we look for a pair (p, ẑ), where p is the value
of cryptocurrency and ẑ the real value of central bank currency,
such that for any t ≥ T12

U ′

(
ey − pX̄ − ẑ − φ(X̄)pX̄

)(
1 + φ(X̄)

)
p

= pE
[
V ′

(
eo +

(
1 − h̃t+1

)
pX̄ +

ẑ
1 + µ

)(
1 − h̃t+1

)]
(19)

U ′

(
ey − pX̄ − ẑ − φ(X̄)pX̄

)
ẑ

=
ẑ

1 + µ
E
[
V ′

(
eo +

(
1 − h̃t+1

)
pX̄ +

ẑ
1 + µ

)]
. (20)

ore precisely, we look for a pair of positive values of p and ẑ
such that

U ′

(
ey − pX̄ − ẑ − φ(X̄)pX̄

)(
1 + φ(X̄

)
)

= E
[
V ′

(
eo + (1 − h̃t+1)pX̄ +

ẑ
1 + µ

)
(1 − h̃t+1)

]
(21)

12 That is, the steady-state equilibrium is achieved at date T .
16
U ′

(
ey − pX − ẑ − φ(X̄)pX̄

)
=

1
1 + µ

E
[
V ′

(
eo + (1 − h̃t+1)pX̄ +

ẑ
1 + µ

)]
. (22)

he next result provides a necessary condition for the existence
f a steady-state equilibrium.

roposition 2. If there exists (p, ẑ) ∈ (R∗
+
)2 satisfying Eqs. (21) and

22), then

≤
1 + µ

1 + φ(X)
E
[
1 − h̃t+1

]
and φ(X) ≤ µ. (23)

Moreover,
(1) if the utility function for old-age V is strictly concave, then both
inequalities are strict,
(2) if E

[
h̃t+1

]
> 0, then the second inequality is strict.

Proof. Recall that for two random variables X and Y Cov(X, Y ) =

E[(X − E(X))(Y − E(Y ))] = E[XY ] − E[X]E[Y ] and for any c, d ∈

R, Cov(cX + d, Y ) = cCov(X, Y ). For simplicity of notations, we
denote by V ′ the random variable V ′(eo + (1 − h̃t+1)X̄p +

ẑ
1+µ

).
Assume that there exists (p, ẑ) ∈ (R∗

+
)2 satisfying Eqs. (21) and

(22). Then

E
[
V ′.(1 − h̃t+1)

]
= Cov(V ′, 1 − h̃t+1) + E

[
V ′
]
E
[
(1 − h̃t+1)

]
(24)

= −Cov(V ′, h̃t+1) + E
[
V ′
]
E
[
(1 − h̃t+1)

]
(25)

= −Cov(V ′, h̃t+1)

+ U ′

(
ey − pX − ẑ − pφ(X)X̄

)
(1 + µ)

× E
[
(1 − h̃t+1)

]
(by Eq. (22)). (26)

sing Eq. (21) we obtain

′

(
ey − pX − ẑ − pφ(X)X̄

)
=

1

1 + φ(X)

(
(1 + µ)U ′

(
ey − pX − ẑ − pφ(X)X̄

)
×E

[
(1 − h̃t+1)

]
− Cov(V ′, h̃t+1)

)
. (27)

ow, since when p ∈ R+ the function h̃t+1 ↦→ V ′(eo + (1 −

h̃t+1)X̄p + ẑ) is nondecreasing. Now, as the covariance Cov(V ′,

h̃t+1) is nonnegative13 and U ′
(
.
)

> 0, we have

1 ≤
1 + µ

1 + φ(X)
E
[
1 − h̃t+1

]
. (28)

It follows that E
[
h̃t+1

]
≤

µ−φ(X)
1+µ

and φ(X̄) ≤ µ. Moreover,
condition (1) follows from the previous proof and the fact that
h̃t+1 ↦→ V ′(eo + (1 − h̃t+1)X̄p + ẑ) being increasing. Condition (2)
is straightforward. □

To understand Proposition 2, notice that if in equilibrium the
two assets are to be held by a young investor, then the marginal
expected utility associated with these assets should be equal.
Now, the expected return of holding one unit of currency is
1/(1 + µ) since the currency grows at a constant rate µ and
the price of this currency decreases by the same amount. As

13 For a proof one can refer to 10.2.7 in Schmidt (2006) which can also be
found in Theorem p.3 in Schmidt (2003).
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or cryptocurrency, the expected return of holding one unit of
ryptocurrency is E[1 − h̃t+1]/(1 + φ(X̄)). Since the hack risk is
such that h̃t+1 is in [0, 1], cryptocurrency is only held if µ >

φ(X̄). Otherwise, the transaction cost of cryptocurrency would
be greater that the depreciation rate of the currency, and since
holding crypto is risky, only holding central bank currency would
be the best decision. The gist of the proposition, therefore, is
that provided that the currency growth rate is greater that the
transaction cost, holding crypto is a valuable choice if the hack
risk is not too high.

4. A linear–quadratic example

To obtain clear-cut results as to the effect of an increase in
both currency stocks we shall assume that U(.) is linear and V (.)
is quadratic, that is, V (x) =

1
2ax

2
+ bx + c where x is in [0, − b

a ],
ith (a, b) ∈ R∗

−
× R+ and V ′(e0) = ae0 + b > 0.

Proposition 2 shows that E
[
h̃t+1

]
≤

µ−φ(X̄)
1+µ

is a neces-
sary condition for the existence of positive equilibrium prices.
Proposition 3 asserts that such condition combined with an
additional one is also sufficient.

Proposition 3. When the stock of cryptocurrency is equal to X̄
from T on, there exists a unique pair of stationary equilibrium values
(p, ẑ) ∈ (R∗

+
)2 if, and only if, the following conditions hold

(i) 1 −
1 + µ

1 + φ(X̄)
E
[
(1 − h̃t+1)

]
< 0 (29)

(ii) − (1 + φ(X̄))E[1 − h̃t+1] + (1 + µ)
(
1 − E[h̃t+1]

)2
− (ae0 + b)V(h̃t+1) < 0. (30)

The stationary equilibrium values of the cryptocurrency price and the
central bank currency value are then as follows

p =
1

aV
[
h̃t+1

]
X̄

(
1 + φ(X̄) − (1 + µ)E

[
(1 − h̃t+1)

])
(31)

ẑ =
1 + µ

aV
[
h̃t+1

]
×

(
−
(
1 + φ(X̄)

)
E[1 − h̃t+1]

+ (1 + µ)
(
1 − E[h̃t+1]

)2
− (ae0 + b)V(h̃t+1)

)
. (32)

Proof. See the Appendix. □

The first inequality above is satisfied if the necessary condition
given in Proposition 2 holds. The second inequality is not always
true. It is only satisfied if µ is not too large, which is rather
intuitive: if the money grow rate is too large, it is not worthwhile
to hold central bank currency.

Note that the following conditions ensure that the equilibrium
pair (p, ẑ) ∈ (R∗

+
)2 given by (31) and (32) is feasible

pX̄ +
ẑ

1 + µ
≤ −

b
a

− eo (33)

1 + φ(X̄)
)
pX̄ + ẑ ≤ ey, (34)

.e., one needs to assume that endowment in youth ey is large
enough and the endowment in old age is small enough.

The following Proposition focuses on the properties of the
equilibrium value of cryptocurrency.
 i
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Proposition 4.
(a) The equilibrium price of cryptocurrency decreases with a mean-
preserving increase in its risk (i.e., in V(h̃t+1)).
(b) If φ is increasing, then the equilibrium price of cryptocurrency
decreases with its stock.
(c) If φ is non-increasing, then the effect of an increase in the quan-
tity of cryptocurrency upon its equilibrium price is indetermined,
except if φ is concave, in which case the effect is negative.

Proof. Recall that

p =
1

aV
[
h̃t+1

]
X̄

(
1 + φ(X̄) − (1 + µ)E

[
(1 − h̃t+1)

])
.

glance at the cryptocurrency equilibrium price given by (31)
ields part (a) since from Propositions 2 and 3, the numerator
f p in (31) is non-positive. The sign of the variation of p with
espect to X̄ is given by the sign of

X̄φ′(X̄) + φ(X̄) − µ + (1 + µ)E
[
(h̃t+1)

]
.

his sign is negative if φ(.) is increasing and indeterminate oth-
rwise. Yet, when φ(.) is also concave, observe that since φ(0) =

by assumption, it always holds that −φ(X̄) + φ′(X̄)X̄ ≤ 0.
oreover, since in equilibrium E[h̃t+1] ≤

µ−φ(X̄)
1+µ

, then E[h̃t+1] <
µ

1+µ
. The result follows. □

To understand part (a) of the Proposition, it is useful to refer
to Eq. (21). When the function utility function V pertaining to
old age is quadratic, namely V (x) =

1
2ax

2
+ bx + c , a glance

at this equation allows us to see that (1 − h̃)2 is included on
ts right-hand side. But the expected value of this expression is
he variance V(h̃t+1) of the hack risk. Moreover, the sign of the
oefficient of the variance of h̃t+1 is negative (the coefficient is
qual to a and by assumption, a < 0). Therefore, the right-hand
ide of Eq. (21) is ceteris paribus a decreasing function of the
ack risk. Glancing once again at this equation, we see that when
he hack risk increases, then the price of cryptocurrency must
ecrease for the equation to be satisfied (of course, this is a partial
quilibrium effect, as the value of money z is also affected).
Regarding parts (b) and (c) of the Proposition two effects

re at work. Suppose indeed that the marginal cost of holding
ryptocurrency is constant (that is, φ is linear). Then the only
ffect at work is a standard quantity theory one. That is, as the
tock of cryptocurrency increases, its price must decrease for
ndividual to be willing to detain it. When the marginal cost
f holding cryptocurrency is not constant, a second effect is at
ork. In particular, when a change in the stock of cryptocurrency

ncreases the marginal cost of this currency, the young savers try
o hold more central bank currency. Hence, to induce them to
old a growing stock of cryptocurrency it is then necessary for
ts price to further decrease.

It is noteworthy, however, that an increase in cryptocurrency
an in principle lead to an increase in its price, as suggested by
art c of the Proposition. Suppose that φ is a non-increasing
onvex function, which means that there are economies of scales
n holding the cryptocurrency. Then an increase in the stock of
ryptocurrency decreases its marginal cost for young agents. This
ill lead them to substitute this currency for the central bank one.
hen this effect is stronger than the traditional quantity theory
ne, an increase in the stock of cryptocurrency may result in an
ncrease of its price. That this is possible is illustrated by the next
xample.

xample. Assume that φ(X̄) = max{φ̄−X̄, 0} (the cost of holding
ryptocurrency is positive whenever X̄ < φ̄ and is given by a non-

ncreasing convex function). Then the sign of the variation of the
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quilibrium cryptocurrency price is the same as the sign of

′(X̄)X̄ − φ(X̄) + µ − (1 + µ)E
[
h̃t+1

]
. (35)

Assuming that φ(X̄) > 0, an increase in cryptocurrency leads to a
rise in its prices when

µ − (1 + µ)E
[
h̃t+1

]
< φ̄. (36)

We now consider the properties of the equilibrium value of
central bank currency.

Proposition 5.
(a) The equilibrium value of central bank currency increases with a
mean-preserved increase in the risk of cryptocurrency.
(b) When φ(.) is increasing, the equilibrium value of central bank
currency increases with the stock of cryptocurrency; it is a non-
increasing function of this stock if so is φ(.).

Proof. The Proposition follows directly from inspecting Eq.
(32). □

According to part (a) the prices of cryptocurrency and central
bank currency change in opposite ways when the risk of theft
increases. To understand this result one must take into account
that savings must be invested either in one or the two currencies.
The same remark explains part (b). What is interesting, however,
is that while an increase in the stock cryptocurrency has an
indetermined effect on its own price when φ(.) is non-increasing,
the effect on the price of the central bank currency is always
determinate.

5. Interim dynamics

In the preceding section, we have focused on a steady-state
equilibrium. We have indeed assumed that such an equilibrium
is reached when cryptocurrency currency achieves its maximum
values (that is, at date T ). There are, of course, many other kinds
of equilibria. But the steady-state one seems relevant, if only
because the fundamentals of the model cease to change from
date T on. What remains to be done is the study of the dynamics
that occurs before date T . To do this, we have to proceed with
backward induction, starting from the steady-state equilibrium
at date T .

The next proposition gives in a special case a sequence of
quilibrium prices from date 0, when cryptocurrency is intro-
uced, to date T , when the stock of cryptocurrency ceases to
row. The values of cryptocurrency across time are obtained from
he function ρ : Xt+1 − Xt = ρ(Xt ), where ρ : R+ → R+ is such
that XT = X , X0 being given.

Proposition 6. Assume that the utility function U(.) is linear
nd that V ′(.) is positive. Then a sequence of equilibrium values
pt , ẑt )∞t=0 is given by the list of prices satisfying

t =
1

1 + φ(Xt )
pt+1

× E
[
V ′

(
eo + (1 − h̃t+1)pt+1Xt +

ẑt+1

1 + µ

)
(1 − h̃t+1)

]
(37)

ẑt =
ẑt+1

1 + µ
E
[
V ′

(
eo + (1 − h̃t+1)pt+1Xt +

ẑt+1

1 + µ

)]
. (38)

or all t = 0, . . . , T −1, and (pt , p̂t ) be the steady-state equilibrium
system from date T onwards.
18
Proof. It is clear that the sequence gives equilibrium prices
from date T on. Then consider date T − 1. Since V ′(.) is positive,
Eqs. (37) and (38) yield positive prices. These two equations
are nothing but the first-order conditions (14) and (15) for the
choices of cryptocurrency and central bank currency of the young
agent at date T − 1. Since this agent’s objective is concave, these
necessary conditions ensure that holding the available stocks
XT−1 andmt is an optimal choice at date T−1 (because ẑt = p̂tmt ).
By Walras law, since two out of three markets are balanced, then
the good market is balanced as well. The same reasoning can be
applied inductively for date T − 2, T − 3, . . . , 0.14 □

6. Conclusion

We have studied the valorization of cryptocurrency in an
overlapping generations model where individuals can also hold
central bank currency. We have paid attention to three features of
cryptocurrency: it is a risky asset (because of frauds and hacks),
which one acquires by bearing transaction costs, and its supply
reaches its upper limit in a finite time.

We have analyzed both the steady state and the dynamics that
leads to it in a finite time. We find that the effect of an increase
in cryptocurrency on the currency prices notably depends on
the transaction costs borne by people to buy cryptocurrency.
In particular, when these costs are given by a decreasing con-
vex function (that is, there are economies of scale in holding
cryptocurrency), an increase in cryptocurrency may result in an
increase in its price.

There are two natural topics deserving future research. One
topic is the study of the equilibria when there are several pri-
vate cryptocurrencies, with different risks of hacking, and differ-
ent upper limits. Another topic is the study of equilibria when
the central bank issues its own cryptocurrency, with a stochas-
tic upper-limit (reflecting, i.e., random shifts in policy-makers’
preferences).
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Appendix

Proof of Proposition 3. If (p, ẑ) is a stationary pair of values, then
it satisfies the following conditions15

1 =
1

1 + φ(X̄)

× E
[(

a
(
eo + (1 − h̃t+1)pX̄ +

ẑ
1 + µ

)
+ b

)
(1 − h̃t+1)

]
(39)

=
1

1 + µ
E
[
a
(
eo + (1 − h̃t+1)pX̄ +

ẑ
1 + µ

)
+ b

]
(40)

14 Date 0 is not special, except that we assume that cryptocurrency and central
bank currency are initially held by the old agent living at that date.
15 Besides the feasibility constraint eo + (1− h̃t+1)pX̄ +

ẑ
1+µ

∈ [0, − b
a ]. Clearly,

if p, ẑ ≥ 0 then eo + (1− h̃t+1)pX̄ +
ẑ

1+µ
≥ 0. Now, if eo + pX̄ +

ẑ
1+µ

≤ −
b
a , that

will ensure that eo + (1 − h̃ )pX̄ +
ẑ

∈ [0, − b
].
t+1 1+µ a
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hich is equivalent to

−
1

1 + φ(X̄)
(aeo + b)E

[
(1 − h̃t+1)

]
=

a
1 + φ(X̄)

X̄

× E
[
(1 − h̃t+1)2

]
p

+
a

1 + φ(X̄)
E
[
(1 − h̃t+1)

]
×

ẑ
1 + µ

(41)

1 −
1

1 + µ
(aeo + b) =

a
1 + µ

X̄E
[
(1 − h̃t+1)

]
p

+
az

(1 + µ)2
(42)

he linear system above can be written

Aφ(X̄), µ

(
X̄ 0
0 1

)(
p
ẑ

)
= B (43)

where the matrices Aφ(X̄), µ and B are defined by Aφ(X̄), µ =

a11 a12
a21 a22

)
and B =

(
b1
b2

)
with⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

a11 =
1

1+φ(X̄)
E
[
(1 − h̃t+1)2

]
=

1
1+φ(X̄)

(
E
[
(1 − h̃t+1)

]2
+ V

[
(1 − h̃t+1)

])
a12 =

1
1+φ(X̄)

E 1
1+µ

[
(1 − h̃t+1)

]
a21 =

1
1+µ

E
[
(1 − h̃t+1)

]
.

a22 =
1

(1+µ)2

(44)

nd

b1 = 1 −
1

1+φ(X̄)
(aeo + b)E

[
(1 − h̃t+1)

]
b2 = 1 −

1
1+µ

(aeo + b).
(45)

ecall that X̄ ̸= 0. The matrix Aφ(X̄), µ

(
X̄ 0
0 1

)
is invertible if and

only if Aφ(X̄), µ is, i.e., if

1
1 + φ(X̄)

(
E
[
(1 − h̃t+1)

]2
+ V

[
(1 − h̃t+1)

])
−

1
1 + φ(X̄)

E
[
(1 − h̃t+1)

]
E
[
(1 − h̃t+1)

]
̸= 0 (46)

i.e. if
1

1 + φ(X̄)
V
[
h̃t+1

]
̸= 0. (47)
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Moreover, the unique solution is given by(
p
ẑ

)
=

1
a

(
1
X̄

0
0 1

)
A−1

φ(X̄), µ
B (48)

i.e.(
p
ẑ

)
=

(
1 + φ(X̄)

)
(1 + µ)2

aV
[
h̃t+1

] (
1
X̄

0
0 1

)
M (49)

with

M =

(
a22 −a12

−a21 a11

)(
b1
b2

)
(50)

or

M =

⎛⎜⎝ 1
(1+µ)2

−
1

1+φ(X̄)
E
[
(1 − h̃t+1)

]
1

1+µ

−
E
[
(1−h̃t+1)

]
1+µ

1
1+φ(X̄)

E
[
(1 − h̃t+1)2

]
⎞⎟⎠

×

(
1 −

1
1+φ(X̄)

(aeo + b)E
[
(1 − h̃t+1)

]
1 −

1
1+µ

(aeo + b)

)
. (51)

he Proposition follows since in Eq. (49) a is negative. □
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